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Renovating Lean’s kernel
Anonymous Author(s)

1 Introduction
Throughout its development for the last decade, Lean’s ker-
nel has followed a philosophy of staying small, only adding
new features when they were deemed a necessity. Examples
of this include the fact that Lean did not have inductive types
in Lean 1, no definitional proof-irrelevance until Lean 2, and
no structures, nested and mutual inductive types until Lean
4. Despite this trend towards conservativity, Lean has added
features which, at the time they were implemented, were
uncommon and not well studied. In particular, the presence
of an impredicative definitionally proof-irrelevant universe,
was found by Coquand [2] to break the strong normalisation
property, and thus decidable type-checking of Lean. Since
this discovery, much work has been done try and produce a
type theory which integrates the feature while still keeping
desirable meta-theoretic properties [10–12, 15–17]. Ignoring
such type theoretic issues, Lean’s kernel also contains imple-
mentation bugs. The recent progress in Artifical Intelligence
(AI) has lead to the discovery of multiple soundness bugs in
the core kernel in the last year [3–9, 13]. In parallel to this,
implementation bugs have lead to some incompleteness in
the type-checker of Lean, i.e., places where the kernel should
accept a term as well-typed but doesn’t.

The ingredients provided by recent research are now suf-
ficient for Lean to be able to have decidable type-checking
with minimal changes. In light of this, we present existing
shortcomings in Lean’s kernel, as well as a renovation plan
to improve on these issues, and strengten the foundations of
the language.
2 Strong normalization
Terms that live in an impredicative proof-irrelevant universe
(onwards referred to as Prop) may not normalize [2]. However,
it is possible to avoid such terms’s non-normalization from
"leaking" into proof-relevant terms. To do so, it is necessary
to ensure proofs never need to be reduced during conver-
sion. Gilbert et al. [12] show that, as long as the elimination
criteria for inductive types living in Prop is limited enough,
proof-relevant terms enjoy strong normalization. However,
the elimination principle presented is too limited compared
to Lean’s, as it does not allow for eliminating the identity
type Eq, as well as the accessibility predicate Acc. Regarding
the accessibility predicate, Felicissimo et al. [11] shows that
making the type’s iota reduction rule be propositional rather
than definitional suffices to have decidable type-checking,
and that a theory with a definitional such iota rule is conser-
vative over the same theory with its propositional variant.
Adding a notion of propositional iota rules to Lean would
require non-trivial modifications to its kernel. Instead, we
can make the observation that classical axioms such as the

global axiom of choice, are sufficient to construct a largely-
eliminating recursor for Acc, as well as its propositional iota
rule, even when the type’s base recursor only eliminates to
Prop. As such, we restrict Lean’s kernel to not allow recur-
sive predicates from eliminating to Type at all, and recover
equivalent recursors with propositional iota using global
choice. With these restrictions put in place, the only types
that enjoy large elimination out of Prop are those that are
either structure types whose fields all contain proofs, and
“K-like” types, i.e, Eq. In both cases, reducing their recursor
doesn’t require reducing their majors. In the case of struc-
tures, eta-expansion suffices to reduce the recursor. For the
latter, [10] shows that reducing the recursor for equality can
be safely done without the need to reduce its major. One of
the two acceptable reduction rule presented in the paper is
already implemented in Lean. As such, limiting the elimi-
nation of recursive predicates should be enough to ensure
proof-relevant terms enjoy strong normalization in Lean.

3 L’état d’𝜂
Conversion algorithms generally come in two flavors: type-
directed and untyped. In the former, the type of the two
terms getting checked for conversion is known, and used
to guide the algorithm. In the latter, that information is not
present. Type information is useful when working in type
theories containing 𝜂 rules, as it can be used to ensure terms
getting checked are always in 𝜂-long form. Untyped con-
versin can handle most cases of 𝜂-conversion, including 𝜂
for function types, and records that are not “unit types” [1].
Rocq and Idris 2 both rely on an untyped conversion algo-
rithm, avoiding the issue of unit types entirely, while Agda
has a typed conversion algorithm which handles all flavors
of unit types. Lean sits in the uncomfortable middle ground
of having a “relatively” untyped conversion algorithm: it is
untyped in the sense that the algorithm doesn’t carry the
type information, but it may infer types of terms on-the-fly
to check for proof-irrelevance and 𝜂 for unit types. Managing
𝜂 for unit types in a system with untyped conversions turns
out to be non-trivial, and leads to many corner-cases which
Lean does not currently handle. Parts of the renovation work
includes managing all cases to avoid incompletenesses in the
implemented algorithm.

4 Universe polymorphism
Lean’s current algorithm for deciding equality between uni-
verse levels is incomplete for performance reasons, as this
decision problem is coNP-complete [14]. A few (mechanised)
complete algorithms now exist, though replacing the current
one requires ensuring minimal performance cost for existing
codebases.
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