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Extending programs and proofs

ANONYMOUS AUTHORC(S)

Interactive theorem provers (ITPs) do not easily allow users to adapt and extend existing codebases without
either changing the original code or duplicating it. This problem, referred to as the the expression problem[32],
is present in virtually all programming languages, but is exacerbated in ITPs by the need to also extend proofs.
The pattern of extending definitions occurs particularly often when mechanizing programming language
theory, type theory, and program verification, leading to a lot of code duplication and high maintenance
burden. Existing approaches to the problem either require manipulating non-trivial encodings—obfuscating
the development— or rely on custom intermediate representations of syntax via metaprogramming facilities,
which were underdeveloped in most ITPs until recently. In particular, none of the existing tools provide ways
to extend formalisations after the fact, i.e., being able to extend an independent mechanisation without the
need to adapt it to the tool used to extend it.

We approach the problem with the insight that, conditional on working in a proof-assistant with appropriate
metaprogramming tooling, no intermediate representations are needed to provide extensibility. This in turn
allows for extensible reasoning at no added cost to the user-experience. In particular, this allows for extending
non-extensible codebases without needing to adapt any of the original code.

To demonstrate this, we develop Gemel' : a production-ready tool implemented in Lean 4 to produce extensible
code, leveraging the strengths of dependent types and modern metaprogramming techniques. We showcase
the strengths of the tool through various case-studies, showing a measurable decrease in the number of lines
written when using the tool, at a reasonable performance cost.

CCS Concepts: » Type Systems; « Software Verification; « Syntax;
Additional Key Words and Phrases: Modular Programming, Type Theory, Proof Assistants, Lean

1 INTRODUCTION

A central limitation in the adoption and use of interactive theorem provers (ITPs) is their verbosity:
the size of mechanized formalisations, relative to their pen-and-paper counterparts, tends to be
bigger by a measurable factor, referred to as the “de Bruijn factor” [33]. In that regard, one luxury
informal constructions possess over mechanised ones is the ability to be extended with additional
data. Whatever proofs were done on the original construction are carried over and adapted to
the extended version, making abstraction of the work shared between the two. For programming
languages and type systems in particular, it is common to build new concepts by extending previous
systems[12, 17, 19, 22-24].

In comparison, the design of ITPs does not generally allow for such extensibility: formalisations
use inductive types, as well as functions and proofs about them. These encode the relevant objects
and properties getting mechanised. The dependent type theories popular ITPs rely on do not provide
internal notions of extensions for inductive type, let alone for functions and proofs that would
make use of extended types. Two basic solutions arise to counteract this issue: copy-pasting, and
indexing. The former, copy-pasting, consists of "extending" a formalisation by simply duplicating it,
and extending the duplicate constructions by hand until the extended results are proved. The latter,
indexing, consists of "bundling" all the potentially interesting extensions of a given construction
into one big inductive type, indexing that type with ways to toggle each extension’s features. Copy-
pasting, while being a "working" solution, ignores the reality of mechanizations: these evolve, get
extended, and get refactored to have their performance, readability and usability improved over time.
These maintenance efforts tend to be proportional to the size of the codebase being maintained.
Having to repeat the same maintenance work over multiple extensions of a mechanisation is

IPronounced gem-el, describes pairs of trees that have undergone inosculation, i.e., the act of connecting and merging with
one another.
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111:2 Anon.

X,y :var s,t:term :=...
s,t:term = Ax.s|st|x | (s, t)
| let(x,y) :==sint
size(x) =0
size(Ax. t) = size(t) + 1 size((s, t)) = size(s) + size(t) + 1
size(s t) = size(s) + size(t) + 1 size(let(x,y) = sint) := size(s) + size(t) + 1
LEMMA 1.1. V(& : term), size(t) >=1 LEMMA 1.2. 1.1 applies to the extended term
Proor. Proof by cases: Proor. Extending on the proof by cases:
(1) case x: ... (1) case (s,1): ...
(2) case Ax. s: ... (2) caselet(x,y) :==sint: ..
(3) cases t: ... O
O
A grammar for lambda-calculus An extension with products

thus not viable. To showcase this issue, Adjedj et al. [2] present a mechanisation of Martin-L6f
Type Theory[21] (MLTT), and was extended using copy-pasting to produce mechanizations with
new features such as subtyping[17] and quotations[22]. In parallel to those extensions getting
constructed, the original mechanisation was refactored to showcase clearer dependencies between
the meta-theoretic properties of the type-system[18], allowing for easier mechanisation efforts.
None of the extensions got to make use of this refactor because the burden of porting it was too high.
Indexing on the other hand, while seemingly avoiding the issue of burden of maintenance, does not
in fact solve the issue of extensibility: not only may some extensions not be compatible with one
another, the expression problem re-appears as soon as a wanted extension is not already part of the
initially produced bundle (going back to the previous example of extensions for MLTT, whether
the two aforementioned extensions would be compatible is unknown). Furthermore, shaping a
mechanization this way requires a non-trivial amount of work, which slows down the initial
mechanisation greatly.

To solve this instance of the the expression problem[32], many tentative solutions have been
produced[9, 11, 13, 15, 16, 25]. These solutions either make use of encodings[9, 15, 16, 25], or use
metaprogramming to achieve their results[11, 13]. Encodings are great for extensibility: working
with the semantic interpretation of a datatype rather than its syntax allows for internalizing its
extensibility properties, making them explicit and available for the user. On the metaprogramming
side, existing solutions, all written in Rocq, expose some additional syntax for the user to write in
order to produce extensible formalisms.

We however believe all existing solutions fall short of the benefits such a tool is expected to
offer. We pinpoint 3 concerns extensibility solutions should address in order to get adopted, and
justify the lack of widespread adoption from existing tools by the fact none of them fill all these
requirements.

Full Expressivity. Extensions need to be as expressive as their non-extensible counterparts: an
extensible mechanization should not need to give up anything relative to one done using copy-
pasting. Solutions using encodings tend to either have explicit results showing their expressivity is
limited, or have no results at all to study the question. It is safe to assume, in general, that encodings
to do not provide, in general, the same features that a native inductive type would. This lack of
features may in particular include not being able to encode some complex features of inductive
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Extending programs and proofs 111:3

types such as nested, mutual or indexed types, having too weak an induction principle, or having
an induction principle which does not possess the expected reduction rules. Solutions that rely on
metaprogramming tend to not share this issue.

User-friendly syntax. The user-experience of working with extensions should be as similar as
possible to that of writing non-extensible code. The learning curve for ITPs being already fairly
steep, softening that learning curve when having to use a new tool is important to ensure its
adoption. Encodings-based solutions fail to manage this: the experience of manipulating encodings
tends to be measurably worse than that of using inductive datatypes. Indeed, features like pattern-
matching, recursion and tactics tend to not interact well with encodings. On the other hand,
metaprogramming should in theory offer the tools necessary to achieve this. In practice however,
all existing metaprogramming solutions rely on some sort of intermediate representation which they
manipulate to construct and extend types and proofs. Having a good user-experience would require
these representations and their APIs to provide feature parity when compared with the regular
declarations/syntax trees used by the ITP. This would require a lot of efforts, as ITP frontends
(a.k.a elaborators) can be hundreds of thousands of lines of code long and provide a lot of features
(e.g docstrings, arbitrary attributes, LSP data, extraction instructions, lazily-generated auxiliary
lemmas), some of which may not even be exposed by the metaprogramming APIs offered by the
language. We can see a glimpse of the work that would be needed for such adaptations in the fact
all existing tools relying on metaprogramming have implemented variants of existing tactics to
adapt them to their specific use-case (e.g fconstructor for Rocqget, mconstructor for Rocq a la carte,
both variants of the existing constructor tactic).

After the fact extensions. One shared limitation, present in all past solutions, is the inability
to extend mechanisations which were not made with extensibility in mind: they need to have
been initially built using the proposed framework in order for said framework to work. This is
particularly limiting for the adoption of these solutions, as any mechanisation that would want to
benefit from using one of these tools would first need to be significantly refactored. As such, we
consider the ability to do after the fact extensions to be a crucial feature for such tools” adoption
in real-world usage. This limitation seems intrinsic to the way encoding-based solution function:
translating an inductive type into an equivalent encoding can be a non-trivial task, and no existing
encoding provides the assurance that the encoded type possesses the same definitional equalities
as the original one. This means that translating functions defined over the inductive type may lead
to differences in their reduction behaviour, which in turn can lead to type-checking failures down
the line. Metaprogramming may again offer the flexibility needed to resolve this issue. However,
for existing solutions, the obstacle of having to encode regular declarations into their respective
intermediate representations means would be a lot of work, and might require having to extend
these IRs substantially to adapt for this need, making the systems much more complex.

In light of this, we turn our attention to Lean 4. This ITP has a fully extensible parser and
elaborator, allowing users to extend its syntax arbitrarily. It is furthermore bootstrapped (i.e., Lean
is written in Lean itself), which means that all of the robust tooling and APIs used to make the
language is made available for arbitrary metaprograms. In particular, we make the observation that
extensibility tools based on metaprogramming need not rely on intermediate representations, and
that avoiding these allows to make full use of the robust tooling provided by such an ITP:

An extensible proof assistant allows for extensible proofs

We present Gemel, a new framework for writing extensible code, written in the Lean 4 proof
assistant. This library aims to provide a user-experience as similar to writing regular non-extensible
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Roc Meta-theory  Generic Datatypes Modular Type-Safet
ala Ce?rte ala Cartey ala Carteyp Proofs i)rllpAgda Y Pyrosome  Rocqet  Gemel
Extensibility technique MP + IR Encoding Encoding Encoding Encoding MP +IR MP
Full expressivity v X 4 X X X v
User-friendly syntax X X X X X X v
After the fact extensions X X X X X X v

(MP) : Metaprogramming, (IR): Intermediate Representation

code as possible. This objective is achieved by avoiding the use of any internal encodings, ma-
nipulating Lean’s concrete and abstract syntax trees directly, and making use of the powerful
metaprogramming capabilities of the language. Gemel declarations integrate all the features of
regular Lean declarations such as dependent pattern-matching, tactic-based proofs, structural and
well-founded recursion, except for mutual and nested inductive types as well as mutually recursive
functions. In particular, Gemel also allows for after the fact extensions.

inductive Term where

| var (x : Nat) mod inductive ProdTerm extends Termwhere
| lam (t : Term) | mkProd (s t : Term)
| app (st : Term) | letProd(xy : Var) (s t : Term)
def Term.size : Term — Nat mod def ProdTerm.size extends Term.size where
| var _ =>0 extend with
| lamt =>sizet + 1 | mkProds t =>sizes + sizet +1
| apps t =>sizes + sizet +1 | letProd __ s t =>sizes + sizet + 1
theorem Term.size_ge_1 (t : Term) mod def ProdTerm.size_ge_1
: t.size>=1 :=hy extends Term.size_ge_1 where
casest finally
casevar _  =>... case mkProd _ _ => ...
caselam_ =>... case letProd _ _ _ _ =>...
caseapp _ _ =>...
A grammar for lambda-calculus in Lean An extension with products using Gemel

To demonstrate the capacities of our system, we present case-studies implemented using Gemel.
Two of these case-studies extend independently-produced formalisations of type-systems-STLC
and System F-with new constructions, extending key results of the original formalisations to
the extended calculi. While such formalizations form a recurring case-study in previous works
on extensibility in ITPs, ours is the only one that shows the capacity to build such extended
formalizations after the fact, i.e., on a formalization not made with extensibility in mind.

Another case study consists of a construction of STLC and a Continuation-Passing Style (CPS)
calculus, as well as a translation pass from the former to the latter. The formalisation then extends
both STLC and CPS with various constructions, and extends the translation pass between the
respective extensions. This reproduces the central case study produced by Jamner et al. [15] in our
own framework, without the need for any encodings.

Together, these case-studies serve to show that the fundamentally basic ideas behind Gemel are
powerful enough to scale up to all features provided by previous tools, as well as allowing one to
extend an independent formalisation after the fact, which is unique to our framework.

Contributions. We construct Gemel, a new tool for extending programs and proofs in Lean 4:
(1) The tool is production-ready
(2) Itbuilds on a novel paradigm, relying fully on the extensive metaprogramming facilities provided
by Lean 4, avoiding the need for any intermediate representation for our extensions. (§2)
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(3) This paradigm allows for after the fact extensions, a central feature for the adoption of extensi-
bility tools that is missing from all other existing solutions. (§3.1,§3.2)

(4) After the fact extensions have feature-parity with regards to regular lean declarations, including
dependent pattern-matching, tactic proofs and arbitrary recursion strategies. (§3.1, §3.2)

(5) Gemel can merge extensions, allowing for true extensibility. (§4)

(6) We show the usefulness of the tool through various case-studies, showcasing a reduction in
lines of code by a factor of 3, and elaboration times on par with regular Lean declarations. (§5)

2 REPRESENTATION OF EXTENSIBLE SYNTAX

We examine existing solutions to producing extensible code in ITPs, showing their respective
strength and weaknesses, before explaining our framework for extending syntax in Gemel. We
first provide a quick description of "Data types a la Carte", a central contribution to answer the
expression problem for functional programming languages, despite it not working for ITPs, as it is
influential to many proposed solutions in this context.

Data types a la Carte. Swierstra [29] proposes the idea of encoding "extensible inductives" as least-
fixedpoints of arbitrary functors, i.e functions f : Type — Type equipped with a mapping operator
fmap : (a—>ﬂ)—»fa—>fﬁforanya, p : Type.

inductive Expr (F : Type — Type) where

| in : F (Expr F) — ExprF
Consider the following type families:

inductive ExpVar (exp : Type): Type where inductive ExpLam (exp : Type): Type where
| var : Nat — ExpVar exp | app : exp — exp — ExpLam exp
| lam : exp — ExpLam exp

The observation made by the paper is that these functors can be summed into a new functor
ExpVarLam (exp : Type) := ExpVar exp & ExpLam exp. The least fixedpoint of this type family is then defin-
able as Expr ExpvarLam. The paper also presents how type-class resolution can be used to easily coerce
from one instance of Expr (e.g Expr Expvar) to an extension of it (e.g Expr ExpVarLam), and similarly for
functions defined by induction on such types. Unfortunately, the same principle fails in ITPs. In
order to ensure the soundness of these systems, inductive types may only occur recursively in
"strictly positive" positions in their constructors. In particular, in the definition of Expr, F (Expr F) is
not a strictly positive position. However, the idea of using functor fixpoints to encode extensibility,
coined as the "a la carte" technique, is still employed in solutions proposed for ITPs.

Rocq a la Carte. Forster and Stark [13]’s design centers on manipulating user-defined datatypes
constructed as "inlined" & la carte datatypes. Using the previous example of "Data types a la Carte’,
rather than rely on an explicit fixpoint Expr to construct Expr ExpvarLam, Rocq a la carte instead asks
of a user to define the type in an inlined fashion:

inductive Exp; where
| expvar : ExpVar Exp; — Exp;
| explam: ExpLamExp; — Exp;

Such a type, unlike the Expr type, is considered to be a strictly positive (nested) inductive type.
Functions over types defined using the functors can then be defined by first constructing said
functions over the various feature functors, and composing them in an appropriate recursive
function for the composed type:
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def ExpVar.count (f : exp — Nat) def ExpLam.count (f : exp — Nat)
: ExpVar exp — Nat : ExpLam exp — Nat
| var _ =>1 | apper ez =>(f e1) + (f e2)

| lame =>f e

def Expy.count : Exp; — Nat —— Error: Failed to show termination
| expvar v => ExpVar.count Expj.count v
| explamv => ExpLam.count Expj.count v

However, replicating (and extending on) this technique to bring extensibility tooling in the Lean
proof assistant is not really feasible. The previous code snippet would work in Rocq, but throws a
non-termination error in Lean. Indeed, functions in ITPs are required to be total for the sake of
ensuring the soundness of the type-system (i.e., the inability to prove False). Every popular ITP
ensures this restriction differently (this is discussed more in depth in Section 3.2.2), but an important
divergence between Rocq and Lean is that Rocq’s system for detecting structural recursion works
up to reduction, whereas Lean doesn’t. This feature is paramount to Rocq a la Carte’s method for
producing extensible code, and cannot be easily replicated in Lean due to divergences in the Lean’s
design decisions.

Meta-theory a la Carte. Delaware et al. [9] attempt to work around the issue of non-positivity
by working with an encoding of datatypes which allows for a la Carte techniques in ITPs, namely
Mendler-style[30] Church encodings[6]. This provides a way to produce "extensible datatypes" at
the cost of having to use additional abstractions relative to using datatypes that are native to the
ITP. These encodings can unfortunately only be constructed in Rocq with a specific option turned
on (namely, impredicative set). This option is rarely used, incompatible with common axioms
for mathematics, and not available in any other popular ITP. Furthermore, these encodings are
weaker than Rocq’s native inductive type in the sense that their induction principles are generally
weaker. Because of this, users can prove less things about these encodings than they can about
their inductive counterparts.

Modular Type-Safety Proofs in Agda. Schwaab and Siek [25] adapt the "Data types a la Carte"
approach to Agda by defining a type of strictly positive functors, and a function mapping said
functors to type-level functions:

inductive Functor where def eval : Functor — Type — Type
| id | id , X =>X
| const (T : Type) | constT , _=>T
| prod (F G : Functor) | prodF G , T=>FTXGT
| coProd (F G : Functor) | coProdF G, T=>FT®&GT

inductive Expr (F : Functor) where
| in : eval F (Expr F) — ExprF
This definition of Expr passes Agda’s positivity checker, but does not do so for Rocq and Lean.
Furthermore, Schwaab and Siek [25] mention that their final proof which composes all the features
of their case-study does not pass Agda’s termination-checker, showing limitations to the method
used.

Generic Datatypes d la Carte. Keuchel and Schrijvers [16] combine ideas of "Modular Type-Safety
Proofs in Agda" and "Meta-theory a la Carte" to avoid shortcomings of both solutions. Namely,
their approach subsumes the concept of strictly positive functors of Schwaab and Siek [25], doesn’t
necessitate working in an impredicative universe like Delaware et al. [9] do, and provides the right
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induction principles for the encoded types. Their encoding of choice is containers[1]. A container
consists of a type of codes and an interpretation function mapping codes to types. This solution still
carries the burden of being based on encodings: constructing the right APIs around these container
construction requires a lot of boilerplate, exposes internal details of these encodings to the user,
and does not provide the same user-experience as using inductive datatypes.

Pyrosome. Jamner et al. [15] also relies on encodings of datatypes to achieve extensibility. The
encoding provided by this tool is Generalised Algebraic Theories[5], also known as GATs. A GAT
consists of a set of rules that either introduce sorts (i.e types being defined), constructors for those
sorts (i.e constructors of inductive types), and equations describing ways in which constructors
may be equal to one another. Rather than a general "a la Carte" approach, the tool focuses on
formalising compiler IRs and passes. In particular, extending GATs, as well as functions from one
GAT to another (e.g between two compiler IRs) is made easy, at the cost of having to work with a
non-trivial abstraction. The extensibility results that the tool exhibits are however fairly limited to
the concept of proving semantic preservation for type-systems. In particular, the system does not
provide any theoretical results about its definition of GATs: no induction principles are provided,
and the equations for a GAT do not relate to Rocq’s internal notion of equality. Instead, for a given
GAT, Pyrosome defines an appropriate "equivalence class" for the types being defined. In particular,
this equivalence class does not benefit from Rocq’s elimination principle for equality. These issues
greatly limit the amount of constructions and proofs that are doable using this tool.

Rocget. Similarly to Pyrosome, Ebresafe et al. [11]’s design focuses on compiler verification
specifically, rather than generic extensible programming. The tool structures the code around
building and extending “families”, i.e., bundles of inductive definitions and fixpoint functions, to
construct translation passes between the extensions. Rocget differs however from Pyrosome in
the fact that it does not rely on encodings to construct these types, definitions and proofs, but on
metaprogramming instead. However, the notion of inductive types and functions made available
by the tool are not exactly those provided by the Rocq language. Instead, Rocget possesses its own
representation for these objects, which it can feasibly extend. These families and extension then
get translated back into real Rocq declarations which don’t rely on encodings. Working on such an
intermediate representation induces limitations in the tool’s design, as its fixpoint function can only
case-match at the top-level, and can only do structural induction (i.e doesn’t handle well-founded
induction). It furthermore means the tool cannot do after the fact extensions.

Looking at these existing tools, we believe that avoiding encodings leads to a better user-
experience, and is necessary to allow for doing after the fact extensions. In that regard, the solutions
proposed by Rocqet are the most promising. We however make the observation that this tool
is limited by its reliance on a custom intermediate representation. This reliance means that the
tool needs, in effect, to reinvent existing APIs, syntax, tactics and interactions for existing Rocq
commands to adapt them to their own need. The issue is further exacerbated by the lack of
metaprogramming tooling provided by Rocq to help improve the situation. As such, we turn our
attention to Lean 4, and decide to construct Gemel using metaprogramming, with an emphasis on
reusing Lean’s abstract and concrete internal syntax trees, which allows us to make full use of the
language’s existing tooling.

3 MODULAR EXTENSIONS

We want to be able to translate any definition or theorem written about some inductive types into
one that instead mentions extended versions of said types. We refer to this translation function as
an extension map.



344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365

367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
384
385
386
387
388
389
390
391
392

111:8 Anon.

Let’s consider the previous example presented in the introduction: the user had defined an
inductive type Term, a function mapping a Term to its size (i.e the number of nodes that compose it),
and a proof by case showing the size is always greater or equal to 1. The user then wants to define
a new type ProdTerm corresponding to Term extended with two new constructors for constructing
and eliminating products, before extending the definition of size and the associated proof.

An extension mapping function needs to traverse the definition of Term.size, and transform every
occurrence of Term to ProdTerm. Similarly, each constructor of Term must get mapped accordingly, i.e.,
Term.var x maps to ProdTerm.var x and similarly for Term.1am and Term.app. Such a translation need only
be structural, keeping the shape of the original function while transforming the constants present
inside it. To know what constants to transform, and into what, an extension map depends on a
mapping context, i.e., a partial function mapping some constants of the global environment to new
terms. This mapping context gets expanded as more things are translated, e.g., after extending the
Term.size function to ProdTermsize, the mapping context will get appropriately expanded, mapping
the former to the latter.

The following sections showcase how Gemel makes use of this system of extension maps to
achieve its goal of providing a user-friendly system of extensions.

3.1 Inductive Types and recursors

We use our system of extension maps to provide users with ways to extend previously defined
programs and formalizations. From a user perspective, a Lean program mainly consists of defining
new datatypes, definitions and theorems. The main way to construct new datatypes in Lean is
by defining new inductive types [8]. This section focuses on how Gemel allows users to extend
inductive definitions through the addition of new constructors.

3.1.1 Inductive types in type theory. First, let us look at what an inductive type is. The general
intuition of an inductive type is that it is a regular datatype, of which terms can be constructed
by using recursors, and which can be eliminated through the use of a recursor, i.e., an induction
principle. Inductive types are shaped as follows:

—
inductive Ind (p : P) : (i : I) — Type where
—_ —
| ctor; : (a1 : A1) > I p di

e SN
| ctory : (ap: Ap) > 1 p dp

—_—
An inductive type is composed of a number of different components: A list of parameters (p : P)
which are uniform in that they stay the same in every occurrence of the type in its constructors, a

telescope of indices (1—1)) that may vary in each occurrence, and a list of constructors for this type.
Each constructor contains a list of fields living over the context formed by the parameters, and
instantiates the indices of the inductive type they inhabit in a context containing those fields. Basic
examples of inductive types include the natural numbers, lists, and vectors (i.e., lists indexed by

their lengths):

inductive Nat : Type where inductive Vec (A : Type) : Nat — Type where
| Z: Nat | nil : VecAZ
| S : Nat — Nat | cons {n}: A —>VecAn— VecA(Sn)

Nat is an inductive type with no parameters and no indices, as well as two constructors z and s,
the first one containing no field and the second one recursive occurrence of Nat as its sole field. In
comparison, Vec is an inductive type which has one parameter A, is indexed by a natural number,
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and has two constructors. The former has no fields and instantiates its index at 0, the second has 3
fields with one recursive one. Vec A n can be interpreted as the type of lists of A of size n.

To each inductive type is associated a recursor, i.e., a way to eliminate a term of that type. For
example, the recursor for Nat has the following type:

Nat.rec : (motive : Nat — Type) — motive Z — ((n : Nat) — motive n — motive (S n))
— (t : Nat) — motive ¢

The existence of that recursor can be interpreted as the statement that, given a predicate motive on
natural numbers, an instance of that predicate on 0, and for every n, an instance of motive (S n)
given motive n, the predicate holds for any natural number ¢. This corresponds exactly to the
regular induction principle for natural numbers. Furthermore, recursors hold computational content
in that they may reduce when applied to a constructor. For example, the two reduction rules for
Nat.rec are as follows:

Nat.recPPZPSZ v PZ
Nat.rec PPZPS (Sn) ~ PSn (Nat.rec P PZPS n)

3.1.2 Inductive types in Gemel. With the general structure of an inductive type in mind, we can
now consider ways in which one may extend an inductive type into another. Gemel provides a
new Lean command which, given an inductive and new constructors, constructs another inductive
type which extends the original one with these new constructors, adding the relevant mappings
between from the first to the second. The syntax is as follows:

mod inductive <new inductive> extends <old inductive> where
<new constructors>

Consider the following example: A user defines a notion of a variable type var, which only has one
constructor consisting of a natural number.

inductive Var where
| var : Nat — Var

This representation for variables is common in both imperative and functional intermediate repre-
sentations of programs. After producing an extensive API for this type, one may want to use this
notion of variables as part of another type. Consider a new type Term which corresponds to that of
a lambda-calculus. Such a calculus is constructed using variables, lambdas and applications. Such a
type can be defined by extending the variable type as follows:

mod inductive Term extends Var where
| lam : Term — Term
| app : Term — Term — Term

#print Term

/- inductive Term : Type
constructors :
Term.lam : Term — Term
Term.app : Term — Term — Term

Term.var : Nat — Term -/

Similarly, one may want to extend the lambda-calculus with other constructs, such as booleans.
Since Term is also just an inductive type, it can itself be extended with new constructions:
mod inductive BoolTermextends Term where

| true : BoolTerm
| false : BoolTerm



442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478

480
481
482
483
484
485
486
487
488
489
490

111:10 Anon.

-—if ¢ then a else b

| ite : BoolTerm — BoolTerm — BoolTerm — BoolTerm
-—Ab =>if b then false else true
#check lam (ite (var 0) false true) —— BoolTerm

Internally, after constructing this new type, Gemel adds the relevant mappings from the old type to
the new one in the mapping context: Consider the previous example of var and Ternm, their respective
recursors are as follows:

Var.rec : (motive: Var — Type) — ((@: Nat) — motive (var a)) —
(t : Var) — motive t

Term.rec : (motive : Term — Type) — ((@: Nat) — motive (var a)) —
((a : Term) — motive a — motive (lama)) —
((f t: Term) — motive f — motive t — motive (app f t)) —
(t : Term) - motivet

Consider a pretty-printing function for var, defined explicitly using the type’s recursor:
def Var.repr (t : Var) : String:=Var.rec (fun _ => String) (fun x =>s!"{x}") t

We see that the motive, existing minor for var and the major t can be translated into a Term.rec call
as follows:

def Term.repr (t : Term) : String:=Term.rec (fun _ => String) (fun x =>s!"{x}") ?1am ?app t

Where ?1am and ?app are metavariables, i.e., holes that still need to be resolved for the definition to
be valid. These holes correspond to the branches for the 1am and app cases respectively. The function
can then be completed by giving a value for each hole:

def Term.repr (t : Term) : String:=Term.rec (fun _ => String) (fun x => s!"{x}")
(fun _ sf =>s!"A {sf}") (fun _ _ sf st =>s!"{sf} {st}")t

More generally, Var.rec motive pvar t can be extended to Term.rec motive' pvar' ?lam?app t' where motive'
is the extended mapping of motive, similarly for pvar' and t'. Note that metavariable holes such as
?1am and ?app cannot, in general, be resolved automatically by Lean, and are instead meant to be
resolved by the user; the following section on definition extensions discusses the interface provided
by Gemel for that purpose in more detail.

To generalize the previous example, consider an inductive A of parameters (p : P), indices (i : I)

and constructors c—to_;', as well as another type B with the same parameters and indices, as well as
the same constructors plus a new constructor newctor. Extending this to manage adding multiple
constructors is trivial, we omit this detail here. We can map the type A to B and respectively every
constructor of A to B’s. The last missing piece of this translation is the recursor. translation is the
recursor.

Recursors have the following shape:

—_— D amm—d — >
Arec:(p:P) — (motive: (i:I) > A p i — Type) — (minor : ... — motive (ctor ...))
—
— (i:I) > (a :A??) — motive | a

where for every constructor of the type, there is a minor covering the (potentially recursive) case
associated to it. B’s recursor is very similar, except it contains an additional minor for the newctor’s
case. Gemel maps any application with head A.rec into B.rec by mapping each argument (i.e., the
parameters, motive, minors and major), and adding a metavariable hole for the minor corresponding

. - Al - R I S S
to newctor, i.e., A.rec p motive minor i a gets mapped to B.rec p’ motive’ minor’ ?m i’ a’, where
motive’ corresponds to the mapping of motive, and similarly for all other arguments.
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This mapping is automatically produced and added to the mapping context upon constructing a
mod inductive.

In addition to the primitives surrounding an inductive type, Lean also automatically produces
more than a dozen auxiliary declarations, meant to make the automation and user-experience
friendlier. For example, upon defining an inductive type Foo, Lean will, for every constructor ctor,
define a helper lemma Foo.ctor.inj which proves the injectivity property of that constructor. In order
to avoid making users define mappings between auxiliary declarations produced by the original
and the extended type by hand, Gemel automatically generates said mappings automatically (e.g.
Var.var.inj gets automatically mapped to Term.var.inj in the previous example).

A current limitation of Gemel is that the tool does not support extending mutual and nested
inductive types. This is not a fundamental limitation of the techniques used by the tool, but rather
a matter of further engineering, left for future work.

3.2 Extending definitions

Our framework now allows for inductive types to be extended through the addition of new con-
structors. This section focuses on how declarations (i.e., definitions and theorems) can be extended
and extension mapped correctly.

Going back to the previous example of Term extending var, consider a function var.repr, this time
written idiomatically using pattern-matching rather than a recursor:

def Var.repr : Var — String
| var x =>s!"#{x}"

Currently, a user would require duplicating the var case in order to define a Term.repr function,
e.g. as follows:

def Term.repr : Term — String
| var x = =>s!"#{x}"
| app f x =>s!"{Term.repr f} {Term.repr x}"
| lamf =>s!"A {Term.repr f}"

This, however, leads to an added burden of maintenance: if the user was to change how variables
are pretty-printed in the var.var case, this change would have to be copy-pasted for the Term.var
case, which would be hard to track in general. Instead, Gemel introduces a new mod def syntax to
allow users to reuse existing branches in a previously defined function, and only require them to
fill-in the holes needed to go from a definition over one type to a definition of the same shape over
an extension of said type. This syntax allows to rewrite Term.repr as follows:
mod def Term.repr extends Var.repr where

extend with

| app f x =>s!"{Term.repr f} {Term.repr x}"

| lam f =>s!"A {Term.repr f}"

Now, any change done to Var.repr would also change downstream of it for Term.repr.

The general elaboration process of that syntax is as follows. Given a declaration (e.g. var.repr),
one may extension map its body into a function over the extended type (here Term). Once that
is done, users may be asked to fill in any remaining holes in the translated body to construct a
well-formed declaration. Once that is done, the new declaration (here Term.repr) can be safely added
to the global environment of declarations, and a mapping from Var.repr to Term.repr can be added to
the mapping context.

In practice, implementing all of this in Lean has exposed some complications which necessitates
careful design decisions, in particular with regards to how pattern-matching and recursion are
to be managed. These two features are handled very differently by popular dependently-typed
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ITPs. In Rocq, matches and fixpoints are distinct primitive operations made explicit in the abstract
syntax. Agda bundles these two notions in a single top-level primitive called a case-tree, where
each function (and pattern-match present in a function) gets translated into a top-level case-tree.
In both systems, termination-checking is a syntactic criteria that goes through a given fixpoint
definition and checks that every recursive call in a function is ran on a strict subterm. Lean diverges
from the tradition of having primitive operations, both for pattern-matching and for recursion, and
elaborates both down to inductive recursor calls, following and extending on techniques described
in Goguen et al. [14] and Cockx and Abel [7]. For pattern-matching, it may appear as though
Lean does have match expressions: they are part of the concrete syntax and get appropriately
pretty-printed when looking back at the abstract syntax. Take for example a function of the form

def is_var_zero: Var — Bool
| var 0 =>true
| var (n+1) => false

The shape of the match get elaborated into an auxiliary function?:

is_var_zero.match_1: (motive : Var — Type) — (x: Var) —
(Unit — motive (var 0)) — ((n : Nat) — motive (var (n + 1))) — motive x

The function is then applied with the right arguments to explicit the return type of the match-here
called the motive-, the discriminant -here x-, and the right-hand-side of each branch:

def is_var_zero: Var — Bool := fun x =>
is_var_zeromatch_1 (fun _ =>Bool) x (fun _ => true) (fun _ => false)

For recursions, when a recursive function is defined, Lean tries to elaborate the function either
into a structurally recursive term, using the recursor of whatever term decreases structurally in
the recursive calls to write the function or tries to prove the function be well-founded, morally
recursing over the accessibility predicate, similarly to Rocq’s Equations [28].

3.2.1 Extending pattern-matches. When it comes to extending matches, we are presented with two
options. The first one consists of recognizing that matches are simply encoded using recursors. As
such, we may simply extension map a given matcher and ask users to fill in the holes in it. This
is unreasonable, as it exposes far too many internal details. The definition of a given match can
quickly become complex if it matches on multiple elements, needs to generalize some variables, or
contains some proofs of equality between the thing matched on and a given constructor in a branch.
Extending any of this would make an unreadable mess for the users and is too detached from what
a user would do had they just written this as a normal definition. Consider the case of is_var_zero
being extended to Term. For both the app and 1am case, the result is the same (i.e., false). Producing
this extension would require both extending the implementation of match_1 (by adding a branch
for (t : Term) - motive (lamt) and (f t : Term) — motive (app f t)), and adding the right arguments for
the right-hand-side of said new branches (i.e., fun t => false and fun f t => false). This means, in
this specific example, that a user would need to fill in 4 holes, half of them having a non-trivial
shape which mentions an arbitrary motive that did not appear in the concrete syntax of the original
definition.

A second option for extending matches would be to note that extending a match amounts to
adding new branches to it such that it covers the relevant new constructors in the extended inductive
type. As such, we may ask users to write down the relevant branches, in a syntax similar to how
normal matches are written. This option turns out to be the most ergonomic, although it makes
the implementation work measurably harder than the former. In order to accommodate for this

2Note that a Unit argument appears in the var 0 branch. This happens because Lean’s compiled code is call-by-value,
which justifies adding thunks to avoid computing such branches eagerly
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feature, when extension mapping the term of a given declaration, any application whose head is a
matcher gets translated into a metavariable hole, saving the original shape of the expression along
the way. When trying to solve that metavariable, the original shape of the matcher is reconstructed,
similarly to how the pretty-printer handles this expression. We then elaborate the new match
branches provided by the user, and re-elaborate this into a new match-expression. Note that the
implementation does not do any anti-quotations (i.e., it does not construct concrete syntax from the
original abstract syntax), and instead manipulates both the abstract syntax of the old matcher and
the concrete syntax of the new branches in parallel, using Lean’s existing internals for elaborating
matchers. The end-result is a legible syntax for extending past declarations.
Take the example of is_var_zero getting extended to Term:

def Term.is_var_zero extends is_var_zero where
extend with
| app _ _ =>false
| lam_ =>false

First, the extension system of Gemel detects that is_var_zeromatch_1 (fun _ =>Bool) x (fun _ => true)
(fun_ => false) is a matcher application and stores the information about its shape (i.e., what the
motive, discriminants and existing branches are). All of this information gets extension mapped to
Term rather than the original var (e.g. var.var becomes Term.var in the left-hand side of each branch).
Then, the branches provided by the user (i.e., | app _ => false and | lam_ _ => false) get elaborated
as new branches to be added to the previous ones. This bundle of data is then passed out to the
existing API Lean uses to elaborate normal pattern-matches, and produces a new match application
that the old one then gets translated to.

3.2.2 Extending recursive functions. Though recursion is present at the level of the concrete syntax,
it gets elaborated away into structural and well-founded recursion at the abstract syntax level,
which means that functions internally get translated into things that are different in shape to
a user’s original definition. Because of this, directly extension mapping the body of a recursive
definition is not great, since it exposes internal encodings to the user, and asks one to manipulate
those directly to extend the definition. Thankfully, Lean usually provides auxiliary lemmas that
exhibit the original shape of the function that was defined. One of them, foo.eq_def, is a theorem of
the form:
(a1 : A) —>...—>(ap:A,) > fooay...a, =<foo'sdefinition>

As such, rather than using the original body of a definition, we can instead extension map the
right-hand side of a function’s eq_def whenever available, and then reuse the existing elaboration
APIs Lean provides to translate such syntactically recursive functions to structurally recursive
or well-founded functions. This in effect means a user can adapt the termination measure of an
extended definition relative to the original, a feature no other extension system provides to our
knowledge. Said feature is of particular importance when extending a non-recursive type to a
recursive one, as is the case with the extension from var.repr to Term.repr.

In particular, this allows us to turn an originally non-recursive function into a recursive one if
needed, as is the case with Term.repr extending var.repr, or even change the termination measure
that was originally used to adapt it to the new extended function.

3.2.3  Putting it all together. In practice, being able to change the proof of termination of an extended
function compared to the original provides us with much more extensibility, and is a feature we
have not seen in any other project of the sort.

Furthermore, having matches be handled specially provides a clear distinction between the holes
generated for matches and those generated by explicit uses of recursors, which usually only appear



638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686

111:14 Anon.

in proof terms generated by tactic calls such as induction and cases. branches. The complete syntax
for mod def ends up as the following:

mod def <new function name> extends <old function name> where
<match extension>

by
<tactics>

<termination-information>

This in essence means our syntax for extended definitions offers a clear separation of concerns
between proof holes, solved by tactics, and non-proof holes, solved by completing matches. The
syntax asks for matchers to be completed first, before asking proof holes to be solved in a by block.
The by block mainly only appears when extending theorems rather than definitions. Consider the
following theorem:

theorem is_var_zero_eq (t: Var) (h : is_var_zerot): t = var 0 := by
casest
casevarn =>
casesn
case zero =>rfl
case succ _ => nomatch h

Extending it for Term will add two new proof holes originating from the cases t. These are given
by the user in the by block as follows:

mod def Term.is_var_zero_eq extends is_var_zero_eqwhere by
case lam _ =>nomatchh
case app _ _ =>nomatch h

Termination information such as termination_by or decreasing_by can be additionally provided
if needed to help with producing a well-founded recursive function. For example, the previous
Term.repr function could have had an explicitly given annotation such as termination_by structural t
=> t, indicating that the function is structurally recursive over it’s argument t : Term. In practice,
and as is the case for the regular Lean definition, most functions’ termination information is trivial
enough to be inferred by the Lean, and thus does not require additional user-input.

A current limitation of Gemel is that the tool does not currently support extending mutually
recursive functions. Similarly to the fact the tool cannot extend mutual and nested inductive types,
this feature is only a matter of additional engineering and left for future work.

4 MERGING EXTENSIONS

The current setup allows one to extend previous definitions iteratively, though one may argue these
extensions are not strictly “extensible”. In particular, one can currently only construct a declaration
as an extension of a single other declaration rather than multiple. This, in particular, means one
isn’t able to compose different extensions. Take the example of the Barendregt lambda-cube [3]:
The various vertices of the cube are extensions of the initial vertex corresponding to STLC, each
adding new features to the original type theory. However, an important feature of this cube is that all
extensions of A can be written as mergings of its 3 adjacent vertices, namely AP, A2 and Aw (e.g. AP2
corresponds to the merging of A2 and AP). If one wanted to formalise each vertex of the cube before
Gemel, they would need to write down 8 different formalisations. With our current framework,
they need only write down 1 formalisation and 7 extensions of that base formalisation. If our system
was truly extensible, however, one would only need to write down the base formalization and the
3 adjacent extensions, the rest being simply generated by merging the adjacent extensions. To
make this possible, we extend Gemel’s handling of inductive types and definitions extensions and
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describe a way to make them composable, thus achieving true extensibility. In practice, from a user
perspective, all that gets added is the ability to define a mod inductive or mod def that extends more
than one single declaration.

4.1 Merging inductive types

Extending mod inductive to be able to extend more than one in-

ductive type is a fairly trivial task. Rather than only taking the Ao
constructors of one inductive, users may take constructors from A A
multiple types. The mapping context will then map every old type 39 AP2

to the new one, every old constructor from each old type to the

relevant new ones. Consider the example of BoolTerm extending

Term in Section 3.1.2, one may also extend Term to handle natural

numbers, and merge the two extensions as follows: Aw APw

mod inductive NatTerm extends Term where 7 7
| zero : NatTerm AP
| succ : NatTerm — NatTerm Fig. 5. Barendregt lambda-cube
-- matchnwith | 0 =>P0 | n+1=>Pnn

AC

| natmatch: NatTerm — NatTerm — NatTerm — NatTerm
mod inductive BoolNatTerm extends BoolTerm, NatTerm

The merging of constructors is nominal and type-driven: when

merging BoolTerm and NatTerm together, Gemel remarks that the var,

app and lam constructors are in common between the two, confirm-

ing their types are compatible, and does not duplicate them in the

merging. As such, the generated inductive BoolNatTerm will contain all of the basic Term construc-
tors, as well as the additional ones provided by BoolTerm and NatTerm, and maps the old inductives’
constructions to the appropriate constructions of the new one.

4.2 Merging definitions

Consider the previous examples of defining is_var_zero and is_var_zero_eq to BoolNatTerm, consider
the two declarations have already been extended to BoolTerm and NatTerm:

mod def BoolTerm.is_var_zero extends Term.is_var_zero where
extend with
| true | false| ite _ _ _ =>false

mod def NatTerm.is_var_zero extends Term.is_var_zero where
extend with

| zero | succ_ | natmatch _ => false

We can extension map both declarations into functions talking about BoolNatTerm. Both of them will
be incomplete in that the pattern-match will be incomplete in both cases (e.g. the cases for zero
will be missing from the extension map of BoolTerm.is_var_zero). However, both declarations will
have the same shape modulo having different holes in different places. We makes use of that and
construct an algorithm that syntactically merges two expressions together, and throws an error if
their shape diverges. In practice, in the case of is_var_zero, this means the respective matches get
merged correctly, meaning there is no need for the user to add any more information in order to
merge the two declarations:

—-- No "extend with" block needed to complete the match

mod def BoolNatTerm.is_var_zero
extends BoolTerm.is_var_zero, NatTerm.is_var_zero
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Similarly, the proof for is_var_zero_eq need not any more information after merging both
BoolTerm.is_var_zero_eq and NatTerm.is_var_zero_eq:

mod def BoolTerm.is_var_zero_eq extends Term.is_var_zero_eq where by
... —— proof omitted

mod def NatTerm.is_var_zero_eq extends Term.is_var_zero_eq where by
... —— proof omitted

—--no by’ block needed

mod def BoolNatTerm.is_var_zero_eq
extends BoolTerm.is_var_zero_eq, NatTerm.is_var_zero _eq

5 CASE STUDIES

As a demonstration of the advantages provided by Gemel, we present two separate case-studies.
The former shows Gemel’s capacity to do after the fact extensions by taking an independent
mechanised proof of strong normalization for the Simply Typed Lambda-Calculus (STLC) and
extending that result to extensions of the calculus. The latter case-study shows the scale at which
Gemel can function by replicating parts of the central case-study presented by Jamner et al. [15].
We then compare the code written in these case-study to equivalent code written without the use
of extensibility tools, and measure the performance cost, as well as number of lines of code needed,
for the two solutions.

5.1 Strong normalisation of STLC

STLC
cf»‘e“ds
STLC + Nat STLC + Bool

E’Xiends

STLC
+ Nat + Bool

In order to iterate on this implementation and ensure its usability, we studied the case of taking
an existing implementation of STLC [20] which proves the strong normalization property of the
system, and extended it with additional constructors, allowing us to extensibly prove the strong
normalization property of the extended system. In particular, the original normalization was not
built with extensibility in mind, and was still extendable after the fact. The original formalisation
follows the usual proof of normalisation using a logical relation.

inductive Base.Ty : Type where inductive Base.Term where
| arr: Ty > Ty > Ty | var : Nat — Term
| app : Term — Term — Term
| lam : Term — Term

inductive Base.Typing: List Ty — Term — Ty — Type where
| tyvar : I'[n]? = some A — TypingT (var n) A
| tyapp : TypingT f (arr AB) — Typing 't A— TypingT (app f t) B
| tylam: Typing (A=T) t B — TypingT (lamt) B

... ——other definitions /theorems

We extend this base definition to add natural numbers.
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modular NatTerm namespace NatTerm
mod inductive Ty mod inductive Term
extends Base.Ty where extends Base.Term where
| nat | zero : Term
| succ : Term— Term

| natRec: Term — Term — Term — Term

mod inductive Typing extends Base.Typing where

| zero : TypingT zeronat

| succ : TypingT n nat — TypingI (succn) .nat

| natRec: TypingI' n nat — Typing ' PO A

— Typing I'PS (arr nat (arr A A)) — TypingT (natRec n PO PS) A
... ——other definitions/theorems

end NatTerm

The total formalisation contains 12 inductive types as well as 92 definitions/theorems. Almost all of
these were extended with no issue. The original formalisation contains a limitation to extensions
in that the logical relation LR it defines to prove strong normalisation is too weak to prove the
property on a system extended with natural numbers. We considered manually adding an extension
map from LR to a variant strong enough for our purpose. However, the theorems in the original
formalisation that makes use of that LR rely heavily on its definitional equalities, which do not hold
in a stronger formulation of the relation, meaning such a mapping leads to ill-typed terms when
translating said theorems. As such, LR and the fundamental lemma had to be written as normal
lean defs rather than as extensions. A solution to circumventing such issues, based on the idea of
removing the reliance on some definitional equalities on a given term, is discussed in the future
work (§7).

To showcase the capacity to merge separate extensions, we produce another extension of STLC
containing primitives for booleans, namely a boolean constructor in Ty, and term constructors
for true, false and if-then-else. We then successfully construct a formalisation of STLC with both
natural numbers and booleans by merging the two previous formalisations, thus proving the strong
normalization of “STLC + Bool + Nat” fully extensibly.

5.2 STLC to CPS translation

CPS + Fix

»| CPS + Nat + Fix

To showecase the capabilities of our framework, and provide a point of comparison with another
extensibility system, we reproduce the central case study shown in Pyrosome’s [15] paper. This
case study introduces two type system: STLC, and CPS-style type-system, as well as a translation
from the former to the latter which proves fin-equivalence is conserved through that translation
pass. The case-study then extends both STLC and CPS with new constructions (resp. booleans
and a fixpoint operator for STLC, natural numbers and a fixpoint operator for CPS), and extends
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Fig. 6. Lines of code and compilation times for the available case studies. » TODO update with new
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the translation pass accordingly. One feature of Pyrosome’s case study is that their framework
allows for limited forms of horizontal extensions, which our framework doesn’t. In particular,
STLC terms are separated between values (i.e., terms whose head can’t be anymore reduced) and
expressions (who can reduce). This STLC formalisation differs from the first case study in that
typing is enforced intrinsically here, meaning the type of STLC terms are indexed by a context
and a type (i.e., Term has type List Ty — Ty — Type), whereas well-typedness is enforced extrinsically
through a predicate in the former (i.e., Term has type Type and a predicate Typing: List Ty — Ty —

Term — Prop is defined). In order to extensibly reuse as much API as possible between STLC, CPS
and their respective extensions (such as substitution and renaming operations), both type systems
are defined as extensions of a Base bundle, for which terms are just variables, and which defines
a common API for both extensions to build off of. The shape of both systems differ in that both
expressions and values are indexed by a type in STLC, but only values are in CPS. The type of
terms is instead indexed by a context, a tag, and a dependent family Tag.Data over that tag which
explicits by what data a term of a given tag is indexed by. As such, both STLC and CPS can extend
the Tag type, and Tag.Data for their respective needs:

5.3 Benchmarks

To measure the effectiveness of the Gemel, we compare code written using the tool with equivalent
code written by copy-pasting the original code and extending it. We compare both the elaboration
time as well as number of lines both use. The results (??) across both case-studies shows lines of
code are reduced by a factor of ~ 2 when extending existing formalisations, and by a factor of
~ 9 when merging separate extensions into one. Regarding performance, we currently observe
that declarations generated using Gemel are slower to elaborate by a factor of ~ 2. However, the
performance is currently limited by a bug in Lean we uncovered. This bug constrains the tool
to type-check certain parts of the translated expressions many times to make unification work
correctly, which leads to a quadratic blowup in performance [citation absent for anonymity]. Once
this issue is fixed, and Gemel is adapted to that fix, we expect the tool to have similar performance
to regular definitions. In fact, Gemel is sometimes already faster to elaborate than copy-pasted
code. Indeed, since Gemel directly translates fully-annotated terms, it does not need to re-compute
expensive elaborations features like implicit arguments, typeclass resolution or tactic executions,
making it faster in certain cases.

6 RELATED WORK

We compare our approach with the existing solutions to the extensibility problem in I'TPs.
“Meta-Theory a la Carte” [9], “Pyrosome” [15] “Generic Datatypes a la Carte”[16] and “Modular
Type-Safety Proofs in Agda”[25] base their extensibility on internal encodings of types. In all cases,
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the constructions are inefficient, incapable of extending previously user-defined inductive types
(i.e., expecting users to rely on the aforementioned encodings from the ground up), and exposes the
underlying internals of the encodings to the user. Having to deal with encodings of types rather
than types adds a heavy burden in particular for new users interested in program verification.

On the other hand, Rocq a la Carte [13] relies on the metaprogramming capabilities offered by the
MetaRocq Project [27] to allow users to construct new inductive types and functions by merging
other inductive types, and/or adding new constructors. New functions on a “merged” datatype
can then be constructed by merging past functions. The metaprogram then uses the given piece
of information to reconstruct a new inductive type, and new functions, based on the information
given by the user. While great for extending constructions “vertically” (i.e., by adding constructors
to a type), this system does not allow for horizontal extensions (i.e., extending the type signature of
inductive types and their constructors). Furthermore, this approach has been hindered in the past
by the lack of good metaprogramming frameworks in ITPs.

Rocqet comes the closest in philosophy to our implementation, relying heavily on metaprogram-
ming and seemingly manipulating Rocq’s AST directly. It however also doesn’t allow for after the
fact extensions, and their interface for extending past definitions is more restricted. Indeed, the only
allows for constructing recursive functions with a single pattern-match with a single discriminant
at the top of the function, where Gemel handles arbitrary pattern-matching. Furthermore, Rocqet
is suited for defining and extending functions and proofs defined using structural induction on
the datatype getting extended, Gemel on the other hand can handle structural and well-founded
induction over arbitrary terms. Lastly, Rocqet requires users to explicit the motive function of each
induction in their system. All of this comes at a cost for the user-experience.

None of these systems, independently of whether they use encodings or the metaprogramming,
handle all of the type-system of ITPs they are implemented for (e.g., none handle co-inductive
types), or allow users to extend past formalizations after the fact. Instead, formalizations have to be
built from the ground up with the expectation that they will be extended with a specific framework
in mind, making them less useful for real-world uses.

The only system we have found which attempts to provide after the fact extensions is Shahin
[26]. Their tool has a similar scope to Gemel’s, in that it seemingly allows for combining inductive
types into one, as well as merging functions together. However, similarly to Rocqet, it is limited
by the fact it can only manipulate types, functions and proofs of a specific shape. In particular, it
cannot handle indexed inductive types, or functions which doesn’t consist of a sequence of nested
lambdas, followed optionally by a single pattern-match. What this means is that, while the tool can
in principle extend regular types and functions, it can only do so if those use the limited subset
this tool is capable of handling, a limitation not shared by Gemel which supports all regular Lean
constructions.

7 FUTURE WORK

Gemel shows how directly manipulating the core AST of an ITP without relying on encodings
can work for producing extensible formalisations. Some further design decisions remain to be
experimented with, and may open up the door for further improvements to the tool.

As mentioned in §3.1.2 and §3.2.3, Gemel currently does not allow for extending mutual and
nested inductive types, as well as mutually recursive functions. The APIs Lean provides to handle
mutual and nested types is the same as the ones for regular types, and similarly for mutual and
regular declarations. As such, adding these features is only a matter of further engineering work.

There are morally two ways to extend an inductive type, referred to as vertical and horizontal
extensions [10]. The former consists of adding new constructors to an inductive type, the latter of
adding new fields to a type’s constructor, or to the type itself. Most extensibility systems only allow
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for doing vertical extensions, as it is both the easiest one to justify and implement, and arguably the
most useful one. Currently, Gemel only manages vertical extensions, though our second case-study
(Section 5.2) shows how some horizontal extensionality can be recovered in the system through
careful use of dependent types. The space of handling horizontal extensions has not been explored
much in existing literature, the only system which, to our understanding, manages some form of
horizontal extensions is Pyrosome. However, the scope of their extensions is much more limited
and cares only about translation passes for compilers.

The central way in which extensions are added to the environment is by mapping constants
to new (potentially incomplete) terms. For a translation using a constant found in the mapping
context to work well, it is necessary that the reduction rules involving past constants also hold
when mapping the constant to its associated term. This restriction is implicitly present when
translating recursors and matches. However, as seen in the first case-study, it may sometimes be
necessary for a formalisation to extend something (e.g. the logical relation in the case study) with
something possibly completely new, that may not hold the same definitional equalities. In order to
do this, Gemel could, in the future, have some mechanism for transforming an expression which
relies on some particular reduction rules/definitional equalities into one that does not. This idea of
removing such rules is not new, and appears in works producing translations from Extensional
Type Theory to Intensional Type Theory [34], as well as works on removing definitional equalities
from Lean using a similar translation [31]. The latter work could in particular possibly be adapted
to our needs since it is already implemented in Lean.

One challenge with extending independent formalisations is that the shape of an original proof
might not be fitting to prove an extended version of it. A regular example of this issue is proofs done
by induction: it appeared a few times when testing Gemel that a proof that was done by induction
needed, for the extended proof to work, to generalize some variables when doing said induction, so
as to strengthen the induction hypotheses. Similarly, it could happen that part of a proof originally
just needed a case split where the new proof would require the full power of induction. However,
the existing interface of metavariable holes morally only allows us to add new content at the tips
of our proof trees, not modify the proof-tree in its generality. To extend this framework, we could
imagine allowing for some after the fact transformations, such as generalisations or turning a case
split into an induction, to the rest of the proof tree, allowing for a more comfortable experience of
doing extensions of independent formalisations.

8 CONCLUSION

We contribute a ready-to-use tool to easily extend formalizations. That tool is fairly complete in its
original objective, as shown by our case-studies, though it exposes some limitations and a potential
for further improvements. Improvements include the capacity to handle horizontal extensions, i.e.,
the ability to add new fields to an existing constructor of a datatype, rather than just the ability to
add new constructors entirely. A good next step would be to apply tool to real-world cases such as
Lean’s computer science library CSLib [4], where e.g. various type-systems formalizations could
benefit from the tool.

Al use disclosure. The design and implementation of Gemel, as well as the two central case-
studies (STLC and Pyrosome) were human written. LLMs tools such as Claude Code were used
to help understand bugs and performance issues in Gemel during the end of its development, to
construct additional case-studies not mentioned in the paper, as well as to produce the shell script
used to produce the benchmarks provided in 5.3.
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